S. Li in [Studia Sci. Math. Hungar. 29 (1994) [71][72][73][74][75][76][77][78][79][80][81][82][83] proposed a Kronrod type extension to the well-known Turán formula. He showed that such an extension exists for any weight function. For the classical Chebyshev weight function of the first kind, Li found the Kronrod extension of Turán formula that has all its nodes real and belonging to the interval of integration, [−1, 1]. In this paper we show the existence and the uniqueness of the additional two cases -the Kronrod exstensions of corresponding Gauss-Turán quadrature formulas for special case of Gori-Micchelli weight function and for generalized Chebyshev weight function of the second kind, that have all their nodes real and belonging to the integration interval [−1, 1]. Numerical results for the weight coefficients in these cases are presented, while the analytic formulas of the nodes are known.
Introduction
Let dλ be given nonnegative measure on the real line R with compact or unbounded support, for which all moments µ k = R t k dλ(t) for k ∈ N 0 exist and are finite, and µ 0 > 0. If λ is an absolutely continuous function, then dλ(t) = ω(t) dt, where ω is a given nonnegative and integrable weight function over the smallest interval [a, b] which contains the support of λ. The results of this paper concern with the case dλ(t) = ω(t) dt, for certain weight functions ω(t). As usual, let P k denote the set of polynomials of degree at most k.
In 1950 P. Turán [23] proposed an interpolatory quadrature formula with multiple nodes which has the highest possible algebraic degree of precision (ADP),
This quadrature formula has been named the Gauss-Turán quadrature formula. Turán himself considered the case when ω(t) = 1 and [a, b] = [−1, 1].
The polynomial π n (t) of degree n, known as s-orthogonal polynomial, which satisfies the orthogonality relation b a π 2s+1 n (t)t k ω(t) dt = 0, for all k = 0, . . . , n − 1, is connected with the Gauss-Turán quadrature formula (1) . It is well known that the zeros of a polynomial π n are the nodes τ ν of the generalized Gauss-Turán quadrature formula (1) . The weight coefficients A i,ν from (1) are determined through interpolation and they are not all positive in general. ADP of the formula (1) is 2(s+1)n−1. Numerically stable methods for constructing nodes τ ν and coefficients A i,ν in Gauss-Turán quadrature formulas with multiple nodes (1) , and their generalizations, are treated in several papers; see [3] , [4] , [12] , [13] , [15] , [22] ; see also the book [2] . For more details on Gauss-Turán quadrature formulas and corresponding s-orthogonal polynomials, including answers on the questions of their existence and uniqueness, see [5] , [14] , [6] , [18] , [19] .
In this paper we consider an optimal extension of generalized Gauss-Turán formula in the sense of Kronrod (see [8] for optimal extension of the ordinary Gaussian quadrature).
The estimation of the error in a quadrature formula is an important problem. The purpose of this paper is to consider a Kronrod extension for Gauss-Turán quadrature formulas. These extensions are applied to estimate the error in the original Gauss-Turán quadrature. The constructions of these extensions for Gauss-Turán quadrature formulas with respect to one Gori-Micchelli weight function and generalized Chebyshev weight function of the second kind are proposed. That way, we extend the results by Li from the paper [11] and give numerical examples showing that the proposed method provides an efficient error estimations.
Kronrod extension of Gauss-Turán quadrature formula
Following Kronrod's idea, Li [11] considered an extension of the formula (1) to the following formula
where τ ν are the same nodes as in (1) , and the new nodesτ j and new weights B i,ν , C j are chosen to maximize ADP of (2). It is shown in the paper [11] , when ω is any weight function on [a, b], that we can always obtain the maximum degree 2n(s + 1) + n + 1 of the quadrature formula (2) by takingτ j to be the zeros of the polynomialsπ n+1 satisfying the orthogonality property b aπ n+1 (t)π 2s+1 n (t)p(t)ω(t) dt = 0, for all p ∈ P n .
It is shown in [11] that the so called Stieltjes polynomial of degree n + 1,π n+1 always exists and is unique up to a multiplicative constant. It is well known (see [5] ) that the nodes in Gauss-Turán quadrature formula are all real, distinct and internal in the interval [a, b].
We need a couple of facts concerning the theory of quadratures with multiple nodes which contain Gauss-Turán quadrature formulas. We recall the following theorem established by Ghizzetti and Ossicini [6] . Theorem 2.1. For any given set of odd multiplicities ν 1 , . . . , ν n , i. e. ν j = 2s j + 1, s j ∈ N 0 , j = 1, . . . , n, there exists a unique quadrature formula of the form
of ADP = ν 1 + · · · + ν n + n − 1, which is the well known Chakalov-Popoviciu quadrature formula. The nodes x 1 , . . . , x n of this quadrature are determined uniquely by the orthogonality property b a ω(t) n k=1 (t − x k ) ν k p(t) dt = 0, for all p ∈ P n−1 .
The corresponding (monic) orthogonal polynomial n k=1 (t − x k ) is known in the classical literature as σorthogonal polynomial, with σ = (s 1 , . . . , s n ), where n indicates the size of the array, and ν k = 2s k + 1, s k ∈ N 0 , k = 1, . . . , n, in the preceding formula.
Bojanov and Petrova [1] stated and proved the following important theorem which reveals the relation between the standard interpolatory quadratures of the type (3) and the quadratures for Fourier coefficients. Theorem 2.2. For any given sets of multiplicitiesμ := (µ 1 , . . . , µ k ) andν := (ν 1 , . . . , ν n ), and nodes y 1 < · · · < y k , x 1 < · · · < x n , there exists a quadrature formula of the form
where
which has ADP = N + µ 1 + · · · + µ k . In the case y m = x j for some m and j, the corresponding terms in both sums combine in one sum of the form
Gori-Micchelli weight
In [16] it is considered a subclass of the Gori-Micchelli weight functions (cf. [7] ),
In the particular case = 0, (6) reduces to the Chebyshev weight function of first kind ω n,
Recall that for the weight functions (6), the Chebyshev polynomials of first kind T n are s-orthogonal (cf. [7] ). Milovanović and Spalević in [16] for the quadrature formula with multiple nodes
proved the following statement.
Theorem 3.1. In the Kronrod extension (7) of the Gauss-Turán quadrature formula of type (1),
where s ν = s, ν = 1, . . . , n, with the weight function (6), and for n ≥ 2, the corresponding generalized Stieltjes polynomial E
i.e., the nodes x * µ , µ = 2, . . . , n, are the zeros of the Chebyshev polynomial of second kind U n−1 (t) and
The zeros of T n (t) and E (σ * ) n+1 (t) interlace (i.e., satisfy the well known interlacing property, since
The algebraic degree of precision of the quadrature formula (7) as a Kronrod extension is N = n(4s − 2 + 3) + 1.
In the special case when = s, the Kronrod extension (7) reduces to the formula of type (2), i. e.
In this way we have proved the following statement. 
the corresponding generalized Stieltjes polynomial E
i.e., the nodes x * µ , µ = 2, . . . , n, are the zeros of the Chebyshev polynomial of second kind U n−1 (t) and x * 1 = −1, x * n+1 = 1.
By applying Theorem 2.2 and Theorem 3.2 we deduce as follows. 
i. e., the nodes x * µ , µ = 2, . . . , n, are the zeros of the Chebyshev polynomial of second kind U n−1 (t) and x * 1 = −1, x * n+1 = 1. It is clear that ADP(12) = (2s + 1)n − 1 and ADP(11) = 2n(s + 1) + 1. [13] states that for fixed ν, 1 ≤ ν ≤ n, the coefficients c ν,i in generalized Gauss-Turán quadrature formula (1) can be determined by solving the system
a k,k+ j = − 1 j j l=1 u lâl, j ,â k,k = 1,
σ * = (s 1 , . . . , s n ) and s ν is the multiplicity of the ν-th node, x ν .
The integralsμ ν,k , k = 0, . . . , 2s ν , given by the formula (13) can be computed by applying Gaussian quadrature formula sgauss(dig,N,ab) (see [2] ). Input argument of the previous function is the matrix ab which consists the coefficients of three-term recurrence relation of the corresponding orthogonal polynomials.
In the case of Gori-Micchelli weight function and l = s ν , the integralμ ν,k is given by the term
The coefficients of Gauss-Turán formula Example 1. We consider the integral of the function f (t) = e t , with respect to the Gori-Micchelli weight function, n = 2 and s = s ν = 2, ν = 1, . . . , n. The appropriate coefficients are given in Table 1 .
By multiplying them with appropriate derivatives of the function at appropriate nodes, we get the approximation of the integral I G−T ( f ) = 0.09295308146342168336548805217023481677297473284729... The coefficients of Kronrod's extension of Gauss-Turán quadrature formula
Beside the nodes x ν , the zeros of the Chebyshev orthogonal polynomial of the first kind, the formula (9) contains additional nodes -the zeros of Chebyshev polynomial of the second kind, x * µ = − cos( j − 1)π/n, µ = 2, . . . , n and the nodes −1 and 1 which also can be treated as zeros of Chebyshev polynomial of the second kind, x * µ = − cos( j − 1)π/n for µ = 1 and µ = n + 1, i. e.
The previous formula is formula of Chakalov-Popoviciu type (see [13] ), because the nodes x ν are with multiplicity 2s + 1, and other nodes, x * µ , µ = 1, 2, . . . , n + 1 are with multiplicity 1. The nodes x ν and x * The coefficients of the previous formula are given in Table 2 .
The error estimations and the actual errors
In the first example, the integral of the function is approximated by using Gauss-Turán formula, and in the second example, we used Kronrod's extension of mentioned formula. We compared them by applying the well-known method of estimation of the error in the corresponding Gauss-Turán quadrature formula. In the case n = s = 2 we get
For more details concerning the given method of estimation of the error in quadrature formulas see Notaris [17] . Table 3 presents the error estimations R( f 1 ) and the actual errors "Error( f 1 )" in the case of the same function, f 1 (t) = e t , but for different choices of number of the nodes and their multiplicities. Tables 4  and 5 present the error estimations and the actual errors in the case of functions f 2 (t) = e 5t and f 3 (t) = e 10t , respectively. The actual error presents the difference between the Gaussian approximation and Gauss-Turan approximation for fixed n and s (because the weight function depends on them), 
Generalized Chebyshev weight of the second kind
In the paper [10] , for every s > 0, Micchelli and Sharma constructed a quadrature formula of the form
with ADP(14) = (2s + 3)n − 1, which has the highest possible precision. The nodes of their formula are located at the extremal points −1, x 1 , . . . , x n−1 , 1 of the Chebyshev polynomial of the first kind T n . By proving the uniqueness of the formula (14), Bojanov and Petrova in the paper [1] got the quadrature formula
with respect to the generalized Chebyshev weight function of second kind ω 2 (t) = (1 − t 2 ) 1/2+s on [−1, 1] (cf. [19] ), which integrate exactly all polynomials of degree (2s + 4)n − 1 − (2s + 2) = (2s + 2)(n − 1) + 2n − 1. This formula is based on n interior simple nodes x 1 , . . . , x n , the zeros of the Chebyshev polynomial of the first kind T n , and (n − 1) nodes x * 1 , . . . , x * n−1 , the zeros of the Chebyshev polynomial of second kind U n−1 , each with odd multiplicity 2s + 1. Such formula can attain the highest possible ADP, equal to ADP = 2n + (2s + 2)(n − 1) − 1, only in the case when all nodes are Gaussian.
Quadrature formula (15) is in fact Kronrod extension of type (2) of the Gauss-Turán quadrature formula
with ADP(16) = 2(n − 1)(s + 1) − 1.
Hence, we deduce as follows. n (t) ≡ T n (t), i.e., the nodes x µ , µ = 1, . . . , n, are the zeros of the Chebyshev polynomial of the first kind, T n (t).
The coefficients of Kronrod extension of the Gauss-Turán quadrature formula for generalized weight function ω 2
Again, by applying the Theorem 2.5 from the paper [13] we can compute the coefficients c ν,i of generalized Gauss-Turán quadrature formula (16) and its Kronrod's extensions, the formula (15) .
The integralsμ ν,k , k = 0, . . . , 2s ν given by the formula (13) in the case of generalized Chebyshev weight function of the second kind take a simple form
Example 3. The integrals given by the formulas (15) and (16) are approximated in the cases of the functions f 1 (t) = e t , f 2 (t) = e 5t and f 3 (t) = e 10t . The error estimation is given in the standard way,
The actual error of formula with n nodes, Error * , presents the difference between Gauss-Turán quadrature formula with large number of nodes (e.g. 100) and Gauss-Turán quadrature formula with n nodes,
Error * ( f, n) = |I * G−T ( f, 100) − I * G−T ( f, n)|.
The results are presented in the Tables 6, 7 and 8. 
